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We propose a general mechanism for renormalization of the tunneling exponents in edge states of
the fractional quantum Hall effect. Mutual effects of the coupling with out-of-equilibrium 1/f noise
and dissipation are considered both for the Laughlin sequence and for composite co- and counter-
propagating edge states with Abelian or non-Abelian statistics. For states with counter-propagating
modes we demonstrate the robustness of the proposed mechanism in the so called disorder-dominated
phase. Prototypes of these states, such as ν = 2/3 and ν = 5/2, are discussed in detail and the
rich phenomenology induced by the presence of a noisy environment is presented. The proposed
mechanism justifies the strong renormalizations reported in many experimental observations carried
out at low temperatures. We show how environmental effects could affect the relevance of the
tunneling excitations, leading to important implications in particular for the ν = 5/2 case.
PACS numbers: 71.10.Pm,73.43.-f,72.70.+m
I. INTRODUCTION
States living on the boundary of Fractional Quantum
Hall (FQH) systems represent one of the more intriguing
examples of one-dimensional interacting electron gas.1
The general theory describing these edge states involves
the idea of Chiral Luttinger Liquid (χLL).2,3 In partic-
ular, for the simple Laughlin sequence4 at filling factor
ν = 1/(2n + 1), with n ∈ N, all the properties of the
system, including the fractional charge and statistics of
edge excitations, are described in terms of a single chi-
ral bosonic field. More involved is the description of
states belonging to the Jain sequence5 at filling factor
ν = p/(2np+1), being n ∈ N and p ∈ Z, where the intro-
duction of a charge bosonic field and additional neutral
bosonic modes are required by the proposed hierarchi-
cal theories leading to an hidden SU(|p|) symmetry.6,7
Recently, great interest was dedicated to more exotic
states, such as8 ν = 5/2 where different models were
proposed, with excitations supporting both Abelian9–11
or non-Abelian12–18 statistics. To date, different exper-
imental observations19–22 suggest the non-Abelian anti-
Pfaffian model as the proper candidate for ν = 5/2 even
if the debate is still open.23 In the effective field theo-
ries the peculiar non-Abelian properties are encoded in
an additional conformal field, which belongs to the Ising
sector.24 The non-Abelian nature of the excitations of
this state arose interest in perspective of possible applica-
tions to topologically protected quantum computation.24
The simpler experimental test for all these models is the
study of transport properties in a quantum point contact
(QPC) geometry.25 In absence of interactions between
edges and external degrees of freedom, the power-law be-
havior of the transport properties in the QPC geometry,
as a function of bias or temperature, directly reflects the
universal exponents of the χLL theory.
Unfortunately, sometimes strong discrepancies be-
tween the predictions of such theories and experimental
observations are reported. For example, even for the sim-
ple Laughlin sequence26,27 the behavior of the differential
conductance, as a function of the voltage, is in qualita-
tive agreement with predictions only at high tempera-
ture showing a peak at zero bias. However, decreasing
temperature, the observed peak turns into a completely
unexpected dip.
Anomalous current/voltage characteristics have been
also measured for other filling factors such as ν = 2/5
in the Jain sequence.28 Furthermore, renormalizations of
the χLL exponents are sometimes crucial to fully explain
the measured crossover of the tunneling charges at low
temperatures.28–35
Possible explanations for these disagreements have
been traced back to the inhomogeneity of the filling
factor below the QPC due to the action of the elec-
trostatic gates27,36, or to an energy dependent tun-
neling amplitude caused by the extended nature of
the contact.37,38 Alternatively, various mechanisms lead-
ing to the renormalization of the Luttinger parameters
through coupling with external environments have been
proposed. They range from the coupling with one di-
mensional phonons39,40, edge reconstruction induced by
the smoothness of the confinement potential41, possi-
ble Coulomb interaction between the different edges42,43,
to interactions with a compressible component of a
composite fermions liquid with very small longitudinal
conductivity.44,45
Many of these approaches have focused on the Laugh-
lin case and cannot be easily extended to composite
edge states where anomalous behaviors are usually ob-
served. In particular, many of the above mechanisms are
not robust against the disorder induced intra-edge elec-
tron tunneling, an unavoidable effect in real samples re-
sponsible for the equilibration of the different channels.
This is a crucial ingredient in explaining the universal
2quantization of the conductance in presence of counter-
propagating modes.7,15–18,46
Recently, Dalla Torre et al.47,48 observed that the in-
terplay between the 1/f noise, generated by the external
environment, and the dissipation induced by the cooling
setup could lead to the renormalization of the Luttinger
parameter for one dimensional systems of cold atoms.
In this paper we will apply this idea to the case of
the edge states in the FQH effect, taking in account the
peculiar chiral nature of the χLL theories and investi-
gating the effects of an external noisy environment. The
1/f noise, a quite universal and unavoidable perturba-
tion in any electronic circuitry, can be indeed generated
by trapped charges in the semiconductor substrate.49,50
These sources of noise, with 1/f spectrum, drive stochas-
tically the system into an out-of-equilibrium condition
and the stationary condition is recovered, by the dis-
sipation mechanism. For one dimensional electron sys-
tems and χLL, has been considered in literature different
mechanisms: from the coupling with metallic gates used
to confine the electron gas51 to the coupling with elec-
tromagnetic environment52–54 or with other systems.44,45
In this paper we will discuss the consequences caused by
the joint presence of 1/f noise and dissipation mainly
because those effects are unavoidable in order to get a
realistic description of the physical systems.
A relevant advantage of the proposed mechanism is its
robustness to the disorder dominated phase, a key feature
in order to apply the model to edge states with counter-
propagating channels, such as ν = 2/3 and ν = 5/2. The
aim of this paper is to present a detailed analysis of this
fact and its applicability to real cases.
The paper is organized as follow. In Sec.II we consider
the Laughlin sequence. Using this paradigmatic exam-
ple we introduce the notations and the general meth-
ods that we will use later for the composite edge case,
which is the main issue of the paper. The effects of the
renormalization induced by the noisy environments and
the possible consequences on the QPC transport are dis-
cussed. In Sec.III we analyze the effect of the noisy en-
vironment on the Jain sequence limiting for simplicity
only to the two-modes cases ν = 2/5, 2/3. In particular
for the co-propagating case ν = 2/5 we investigate how
the scaling becomes non-universal and also dependent on
the strength of the intra-edge Coulomb interaction when
the external noise is present. This is strongly different
from the standard hierarchical result where the scaling
dimension is predicted to be independent from interac-
tion between the modes. Discussing the case of counter-
propagating modes (i.e. ν = 2/3), we exploit this condi-
tion to get the disorder dominated phase in presence of a
noisy environment. In Sec.IV the properties of the anti-
Pfaffian model for ν = 5/2 as a function of the strength
of the 1/f noise are analyzed, showing the regions of the
parameters space where the elementary excitation with
non-Abelian nature could dominate. We finally discuss
the counterintuitive result that the external noise could
help the manipulation of non-Abelian excitation in the
QPC geometry. Conclusions are summarized in Sec.V.
II. LAUGHLIN SEQUENCE
Let us consider the edge states of a quantum Hall fluid,
described in terms of χLL theories, and investigate the
effect induced by the joint presence of an external envi-
ronment, 1/f noise and dissipation. We stress that due
to the presence of 1/f noise we have to face with an
out-of-equilibrium problem, therefore in the following we
will employ proper techniques, i.e. the Keldysh contour
formalism.55–58
A. Model
We start our analysis considering the Laughlin
sequence4 with filling factor ν = 1/(2n+1), being n ∈ N.
The Lagrangian density of the χLL for an infinite edge
is described in terms of a single bosonic mode
L0 = 1
4πν
∂xϕ(−∂t − v∂x)ϕ, (1)
where ϕ is a right-moving field along the edge with prop-
agation velocity v.
In view of dealing with an out-of-equilibrium system,
we treat the problem in the Keldysh contour formalism.
According to the standard path integral formulation, the
non-equilibrium problem on the doubled time contour is
easily encoded by introducing the bosonic field in the for-
ward/backward time branch ϕf/b. We refer the reader to
Ref. 57 and Ref. 58 for the general treatment of these is-
sues, and to Ref. 59 for the applications of these methods
to the edge states of the quantum Hall effect.
It is useful to write ϕf/b = (ϕcl ± ϕq)/√2 where ϕcl
(ϕq) represents the so called classical (quantum) com-
ponent of the field.58 In terms of the classical-quantum
basis the bosonic Green’s functions (GFs) are enclosed in
the matrix
Ga,b(x, t) = −i〈ϕa(x, t)ϕb(0, 0)〉 =
(
GK(x, t) GR(x, t)
GA(x, t) 0
)
,
(2)
where a, b = cl, q. With GR, GA and GK the re-
tarded, advanced and Keldysh GFs respectively.58 In
terms of these fields and in Fourier transform, defined as
ϕcl/q(q, ω) =
∫
dxdt ei(ωt−qx) ϕcl/q(x, t), the free Keldysh
action, deduced from Eq. (1), reads
S0 = 1
2
∑
q 6=0,ω
(Φ∗(q, ω))T · G−10 (q, ω) · Φ(q, ω), (3)
with the vector Φ = (ϕcl, ϕq)T . The matrix kernel of the
action is58
G−10 (q, ω) =
q
2πν
[
0 (ω − iǫ)− vq
(ω + iǫ)− vq 2iqǫsgn(ω)
]
, (4)
3where ǫ → 0 is the standard regularization factor60 and
the top-left 0 component corresponds to the standard
continuum limit of the Keldysh action.58 Inverting the
Kernel matrix and taking the cl-q component (G0)cl,q we
get, according to Eq. (2), the retarded GF for the free
bosonic fields
GR0 (q, ω) =
(
2πν
q
)
1
(ω + iǫ)− vq (5)
and analogously for the advanced GF, GA0 = (G0)q,cl.
From the linear response theory one can show that the
current along the Hall bar is given by I = νg0VH with
VH the Hall potential and g0 = e
2/h the quantum of
conductance.7
We discuss now the influence of 1/f noise term at low
energies.49,50 This contribution can be described in terms
of a classical stochastic external potential f(x, t) that de-
scribes the effective interaction of the edge with the local-
ized trapped charges. The correlation function of the ex-
ternal force is K(q, ω) = 〈f∗(q, ω)f(q, ω)〉 = F/|ω| where
F is the strength of the noise. For simplicity the noise is
assumed δ-correlated in space, a natural assumption for
short-range impurities in the low energy/long wavelength
limit. Note that the presence of this time dependent ex-
ternal force brings the system out-of-equilibrium.
The external gaussian random force f(x, t) couples di-
rectly with the electron density ρ = ∂xϕ/(2π) of the χLL.
In the Keldysh formalism this interaction is61
Sf,ϕ =
∫
dt
(Lf,ϕf − Lf,ϕb) = √2∑
q,ω
(iq)f∗(q, ω)ϕq(q, ω)
(6)
with Lf,ϕ ∝ f(x, t)∂xϕ(x, t) and where, in the first iden-
tity, we write the Keldysh action in terms of the fields
ϕf/b and, in the second one, in terms of quantum com-
ponent ϕq only. This result is standard in the Keldysh
formalism and comes directly from the fact that a purely
classical external force couples only with the quantum
component ϕq of the field.58 The total 1/f effective
Keldysh action57 S1/f for the bosonic field ϕ derives from
the functional integration
eiS1/f =
∫
Df e−
1
2
∑
q,ω K
−1(q,ω)|f(q,ω)|2 eiSf,ϕ (7)
which averages on the disorder realizations of the noise
potential f(x, t). The averaged effective Keldysh action
S1/f can be written in a form similar to Eq.(3) with
kernel47
G−11/f (q, ω) =
[
0 0
0 +2iq2F/|ω|
]
. (8)
Here, only the Keldysh q-q component is different from
zero. This is a direct consequence of the fact that
1/f noise brings the system out-of-equilibrium. In this
case the usual relations between retarded, advanced and
Keldysh GFs, dictated by the fluctuation-dissipation the-
orem, are no more valid.
The system, under the external driving force (1/f
noise), will reach a stationary condition only in pres-
ence of a dissipative mechanism that drains the energy
accumulated in the system. Various mechanisms may in-
troduce dissipation in the edge states.44,45,51–54 Here we
limit to consider the most general assumption with a dis-
sipative term, induced by the external bath, generalizing
the Caldeira-Leggett approach to the χLL.52,62 The one
dimensional edge mode can be coupled with oscillators
through the current density j ∝ ∂tϕ or the charge den-
sity ρ ∝ ∂xϕ. Hereafter, we will discuss the Keldysh
action for a generic spectral function of the bath. Later
on we will focus only on the ohmic behavior. The general
Lagrangian density, which couples edge and harmonic os-
cillator modes, is Lξ,ϕ ∝ ξ(x,x⊥ = 0, t)∂µϕ(x, t) where
µ = t (µ = x) describes the coupling with the current
(charge) density. The field ξ(x,x⊥, t) represents a bath
of oscillators with extra spatial degrees of freedom x⊥
orthogonal to the 1D system.52
Integrating out the harmonic bath degrees of freedom
it is easy to obtain the usual Matsubara euclidean effec-
tive action58 (β = (kBT )
−1)
SEdiss =
1
2β
∑
q,iωn
D−1(q, iωn)|ϕ(q, iωn)|2 (9)
with ωn = 2πn/β. The spectral function D−1(q, iωn) en-
codes all the dynamical information about the external
bath and the coupling mechanism.52 In the Keldysh con-
tour formalism this dissipative contribution Sdiss can be
written as in Eq.(3) with kernel58
G−1diss(q, ω) =
[
0 [DA(q, ω)]−1
[DR(q, ω)]−1 [D−1(q, ω)]K
]
, (10)
[DR/A(ω, q)]−1 being the retarded/advanced analytic
continuation of the spectral function D−1(q, iωn). In this
case the Keldysh component of the dissipation is com-
puted by using the fluctuation-dissipation theorem58
[D−1]K = ([DR]−1 − [DA]−1)coth(βω/2) (11)
that must be satisfied by a bath in thermal
equilibrium.47,58
As stated before, in this paper we will only consider a
specific type of dissipation, the ohmic one. The form of
the bath spectral function for such case is D−1(q, iωn) =
γ|ωn|, with γ the friction coefficient. At zero temperature
the Keldysh kernel becomes
G−1diss(q, ω) =
[
0 −iγω
+iγω +2iγ|ω|
]
. (12)
Finally, the total Keldysh action is Stot = S0 + S1/f +
Sdiss with total kernel for ϕ
G−1 = G−10 + G−11/f + G−1diss (13)
(cf. Eq.(4), Eq.(8) and Eq.(12)). Inverting the kernel,
the non-equilibrium Keldysh GFs at zero temperatures
4read
G
2πν
=
[
− 2iγ˜|ω|(1+(F˜ /γ˜)q2/ω2)q2(ω−vq)2+γ˜2ω2 (q(ω − vq) + iγ˜ω)−1
(q(ω − vq)− iγ˜ω)−1 0
]
(14)
where F˜ = 2πνF is the rescaled strength of the noise and
γ˜ = 2πνγ the friction coefficient. The regularization fac-
tor ǫ in Eq.(4) is suppressed because the causal structure
is already guaranteed by the dissipative contribution.63
It is worth to underline that both the 1/f noise and the
dissipation terms are relevant perturbations in the Renor-
malization Group (RG) sense with massive coupling con-
stants, namely dim[F˜ ] = dim[γ˜] = 1 (dim[...] indicates
the canonical mass dimension). The relevance of these
terms will completely spoil the scale invariance prop-
erty that characterize the standard χLL theory for the
edge states. Fortunately, one can demonstrate that for a
noisy environment only weakly coupled with the edge, i.e.
γ˜, F˜ → 0, but with the ratio F˜ /γ˜ constant47 the scale in-
variance is preserved. Indeed in this case, the combined
action of the two environmental effects leads only to a
marginal perturbation of the theory. Consequently the
conductance in the Hall bar will be quantized. Indeed, in
the limit discussed before, with γ˜ → 0, it is easy to verify
that the retarded (advanced) GF GR(t) (GA(t)), namely
the anti-transform of the off-diagonal entry Gcl,q (Gq,cl) of
the matrix in Eq.(14), coincides with the results obtained
from the retarded (advanced) GFs of the free theory2,3
given Eq.(5). Therefore the linear response shows that a
weakly coupled noisy environment does not modify the
conductance of the system with respect to the free χLL
theory.
From the Keldysh GF GK = (G)cl,cl (anti-transform
in time of the left-top entry of Eq.(14)), we can define
the bosonic correlation function G˜K(t) = GK(t)−GK(0)
with
G˜K(t) = iνg ln
[
1 + ω2c t
2
]
(15)
where ωc = v/a, with a a finite length cut-off, and
g =
(
1 +
F˜
v2γ˜
)
. (16)
Comparing Eq.(15) with the same quantity calculated
from the free χLL theory described in Eq.(4), i.e.
G˜K0 (t) = iν ln
[
1 + ω2c t
2
]
, we see that the functional de-
pendence remains exactly the same, but with an addi-
tional renormalization factor g.
B. Scaling dimension renormalizations
The above result leads to extremely important physical
consequences. As a remarkable example we can consider
a generic m-agglomerate quasiparticle (qp) annihilation
operator in the bosonized form2
Ψ(m)(x) =
eimϕ(x)√
2πa
(17)
and the two point greater/lesser GFs
C
>
m(t) = 〈Ψ(m)(t)Ψ(m)†(0)〉 = −C<m(−t). (18)
These quantities determine the tunneling densities of
states of edges and consequently the transport proper-
ties in a QPC geometry. They can be expressed in
terms of the bosonic correlation function64 G˜>(t) =
G>(t)−G>(0) with57 G>(t) = (GK(t)+GR(t)−GA(t))/2
and retarded, advanced and Keldysh GFs obtained from
Eq.(14). At zero temperature one then has64,65
C
>
m(g, t) = e
im2G˜>(t) =
[
1
1 + ω2c t
2
]m2νg
2
e−im
2νφ(t) (19)
where
φ(t) = tan−1
[
ωct√
1 + ω2c t
2
]
→
ωc→∞
π
2
sgn(t). (20)
From the comparison of the previous expressions with the
results obtained for the free χLL, it is possible to see that
the renormalization factor g only influences the absolute
value of the GF. We explicitly indicate the peculiar func-
tional dependence on g in left hand term of Eq.(19). The
phase instead, as expected, is not affected being related
to the universal statistical properties of the excitations.
We define now the scaling dimension ∆(m) of the m-
agglomerate operator Ψ(m)(x) as the long-time behavior
of the two-point GF |C≷m(t)| ≈
t→∞
|t|−2∆(m). This quan-
tity is
∆(m) = g∆0(m) = gν
m2
2
, (21)
note that the scaling of the raw theory ∆0(m) is renor-
malized by the factor g. This result induces a modifica-
tion of the power-law behavior of the transport proper-
ties, with respect to the free (unrenormalized) case.
For simplicity we calculate only the single quasiparticle
(single-qp) contribution to the back-scattering current,
the most dominant one in the Laughlin sequence, for the
weak-backscattering regime. Notice that, for the Laugh-
lin model, the renormalization mechanism cannot affect
the relevance of the excitations. We will see that for the
models with composite edges this won’t be in general the
case.
We model the QPC in terms of a local tunneling term
at x = 0 between the right- (R) and left-(L) moving
edges such as HT = tΨ
(1)
R Ψ
(1)†
L +H.c.
53,66–68 We also as-
sume that the edge are affected by different environments
and consequently they may have different renormaliza-
tion parameters gR/L for the right-moving edge (R) and
the left-moving one (L).
The average current at zero temperature, at the lowest
order in the tunneling, reads (~ = 1)
〈IB〉 = e∗
( |t|
2πa
)2 ∫ +∞
−∞
dt eiEtC>(gR, t)C
<(gL,−t)
(22)
5where E = e∗V is the energy involved in the tunneling,
with V the bias and e∗ = νe the single-qp charge. From
Eq.(19) one has
C
>(gR, t)C
<(gL,−t) =
(
1
1− iωct
)ν(g¯−1)(
1
1 + iωct
)ν(g¯+1)
(23)
with g¯ = (gR + gL)/2. From this result one can calcu-
late the expression of the current at zero temperature in
Eq.(22) obtaining
〈IB〉 = e∗θ(E)
( |t|2
a2ωc
)
(E/ωc)
2νg¯−1
Γ[ν(g¯ − 1)]Γ[ν(g¯ + 1)] N (24)
where Γ[x] is the Gamma function and N = 2F1[ν(g¯ −
1), 1 − ν(g¯ + 1), 1 + ν(g¯ − 1),−1] is a constant with
2F1[a, b, c, z] the hypergeometric function.
25
The power-law behavior of the back-scattering current
at zero temperature is therefore 〈IB〉 ∝ V 2νg¯−1 with
renormalized exponent νg¯. In the following we will al-
ways assume that the renormalization phenomena affects
identically the right and left edges. A generalization to
the case of different couplings can be done straightfor-
wardly.
Note that in Eq.(16) the strength of the renormaliza-
tion can take any value g ≥ 1. The same formula suggests
that, for fixed environmental contribution (F˜ /γ˜ con-
stant), the renormalization would be typically stronger
for slow propagating modes, due to the explicit depen-
dence on the inverse of the squared mode velocity in the
expression. This renormalization could reach also high
values with important modifications of the power-law be-
havior of transport properties.26–28
As we have mentioned before, other mechanisms could
explain the same renormalization of the exponents.36–43
However, some of these mechanism (such as the cou-
pling with phonons) contains intrinsic limitation on the
strength renormalization, differently from our model
where the only real limitation is the request that g ≥ 1.
We will see, in the next sections, that this model can
be simply generalized to more complex fractional quan-
tum Hall states, such as composite edge states and, more
importantly, it also reveals robust to the presence of dis-
order.
III. COMPOSITE EDGES: JAIN SEQUENCE
A. Model
Here, we focus on the effects of the out-of-equilibrium
noise source in the case of multichannel edge states.
The prototype of these Hall states is represented by
the Jain sequence5 with filling factor ν = p/(2np + 1),
being n ∈ N and p ∈ Z. Following the hierarchical
construction3, one has one charged bosonic mode, anal-
ogous to the one described for the Laughlin sequence,
and |p| − 1 additional neutral modes which propagate ei-
ther in the same direction (p > 0) or in opposite one
(p < 0). For simplicity we restrict the discussion only to
the case of two edge modes (|p| = 2), underlying the dif-
ferences between co-propagating modes (p > 0, ν = 2/5)
and counter-propagating ones (p < 0, ν = 2/3).3 The
edge states in the former case are described in terms
of two co-propagating bosonic charged fields with dif-
ferent filling factors ν1 = 1/3 and ν2 = 1/15, such as
ν = ν1 + ν2 = 2/5, while in the latter case the bosonic
fields, with ν1 = 1 and ν2 = 1/3 respectively, propagate
in opposite directions leading to ν = ν1 − ν2 = 2/3.
The Lagrangian densities are
Lζ =
∑
j=1,2
−1
4πνj
∂xϕj
(
(ζ)j+1∂tϕj + vj∂xϕj
)
(25)
where ζ = ± indicates the co-propagating (ζ = +) or
counter-propagating (ζ = −) case, and v1, v2 are the ve-
locities of the modes and effectively contain the informa-
tion on intra-edge interactions. The fields commutation
relations are [ϕj(x), ϕk(x
′)] = iδjkηkνksgn(x− x′) where
ηk = (ζ)
k+1 is related to the direction of propagation of
the fields (j, k = 1, 2).
The two modes are close to each other and interact via
the density-density coupling (inter-edge interaction)
L12 = v12
2πν12
∂xϕ1∂xϕ2, (26)
with strength v12, where ν12 =
√
ν1ν2. Notice that,
v1, v2 and v12 are non-universal parameters related to
the intra- and inter-channel interaction strengths. Under
the reasonable assumption that the confinement poten-
tial is sufficiently smooth the two modes are localized
in slightly different positions. Therefore one reasonably
assumes that they effectively ”feel” different noisy en-
vironments. Indeed, in general, the trapped charges in
the substrate beneath the Hall bar affect the ϕ1 and ϕ2
modes in a different way. One can introduce two distinct
1/f noise fields f1/2(x, t) operating on the edge, with
noise strength F1/2 and spectrum K1/2(ω, q) = F1/2/|ω|
respectively. We will also consider two different ohmic
dissipations with friction coefficients γ1/2. Also in this
case the total Keldysh action can be written in a form
analogous to Eq.(3), but in terms of the four components
vector Φ = (ϕcl1 , ϕ
cl
2 , ϕ
q
1 , ϕ
q
2)
T , due to the presence of the
two fields ϕ1/2. The Keldysh kernel now reads
6G−1ζ =
1
2π


0 0 ν−11 [q (ω − v1q)− iγ˜1ω] ν−112 v12q2
0 0 ν−112 v12q
2 ν−12 [q (ζω − v2q)− iγ˜2ω]
ν−11 [q (ω − v1q) + iγ˜1ω] ν−112 v12q2 +2iν−11 (γ˜1|ω|+ F˜1q2/|ω|) 0
ν−112 v12q
2 ν−12 [q (ζω − v2q) + iγ˜2ω] 0 +2iν−12 (γ˜2|ω|+ F˜2q2/|ω|)


(27)
where γ˜i = 2πνiγi and F˜i = 2πνiFi with i = 1, 2.
B. Interaction effects
We will discuss now how the presence of a noisy en-
vironment could affect the renormalization of the χLL
exponents in composite edge systems. We will start this
analysis by considering the presence of interaction be-
tween the channels described in Eq.(26). Let us start
to discuss the case of co-propagating channels such as
ν = 2/5. For such cases, indeed, the clean system, i.e.
with no static disorder along the edge, properly describes
the physics of the edge states. In the next subsection we
will investigate the renormalization effects for ν = 2/3
(counter-propagating modes) assuming instead the pres-
ence of the static disorder, which is crucial in the equili-
bration process between counter-propagating modes.
The Keldysh action kernel for ν = 2/5 is given by G−1+
in Eq.(27) with ν1 = 1/3 and ν2 = 1/15. To better
analyze the problem it is useful to make a rescaling Σ
and a rotation R(θ) of the fields ϕ1/2. In the new basis
ϕ′1/2 we have(
ϕ1
ϕ2
)
=
[ √
ν1 0
0
√
ν2
]
︸ ︷︷ ︸
Σ
·
[
cos(θ) sin(θ)
− sin(θ) cos(θ)
]
︸ ︷︷ ︸
R(θ)
·
(
ϕ′1
ϕ′2
)
(28)
where the angle θ satisfies tan(2θ) = 2v12/(v1− v2). The
new fields eigenmodes ϕ′1/2 are decoupled, with respect
to the density-density interaction, and have different ve-
locities
v′1,2 =
(
v1 + v2 ±
√
(v1 − v2)2 + 4v212
2
)
. (29)
From the above relations we get a criterium, called stabil-
ity, which requires these velocities to be always positive.7
This is reflected in a constraint v212 ≤ v1v2 between the
intra- and inter-mode couplings.
At the same time the dissipative and 1/f terms acquire
off-diagonal contributions due to the transformation in
Eq.(28). In particular, we can see what happen to those
terms by focusing at the 2× 2 bottom left block-matrix,
that coincides with the q-cl component of the Kernel in
Eq.(27). In the new ϕ′ basis it becomes
(G′−1)q,cl = q
2π
[
ω − v′1q 0
0 ω − v′2q
]
+ (G′−1diss)q,cl (30)
where the dissipative contribution is no more diagonal
and reads
(G′−1diss)q,cl = RT (θ) ·
[
iγ˜1ω 0
0 iγ˜2ω
]
· R(θ) (31)
with the rotation R(θ) defined in Eq.(28).
Notice that the advanced component (2 × 2 top
right block-matrix) (G′−1)cl,q can be easily derived
from the previous result by complex conjugation,
(G′−1(ω, q))cl,q =
(
(G′−1(ω, q))q,cl
)∗
. The Keldysh com-
ponent (G′−1)q,q of Eq.(27) (2 × 2 bottom right block-
matrix) transforms in the new basis according to Eq.(31)
(G′−1)q,q
2i|ω| = R
T (θ) ·
[
γ˜1 + F˜2
q2
|ω|2 0
0 γ˜2 + F˜2
q2
|ω|2
]
· R(θ)
(32)
where the linear dependence on the coefficients F˜1, F˜2 is
now explicit.
In the limit of weak contribution of noise and dissipa-
tion (see Sec.II), i.e. γ˜i, F˜i → 0 but keeping the ratios
F˜i/γ˜i constant, it is possible to calculate all the Keldysh
GFs following the same approach used for the Laughlin
case.
To simplify the discussion we consider only the case
where the effective friction coefficients of the dissipative
contributions are the same, γ˜1 = γ˜2 = γ˜, allowing only
different strengths for the 1/f noise.69 This assumption
greatly simplify our discussion without affecting the key
results.
For γ˜ → 0 one recovers again the standard form of the
retarded/advanced GFs for composite edges. A direct
consequence of this fact is that the argument discussed
in Ref. 7, where the conductance of a multichannel edge
of interacting co-propagating modes is calculated using
the retarded GFs, is still valid here. Therefore, also for
the multichannel edge the Hall bar current is correctly
quantized I = νg0VH , independent of the value of the
inter-edge interaction v12.
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The presence of an external noisy environment modi-
fies the scaling dimension of the excitations. Now we an-
alyze this point, taking care of the presence of inter-edge
coupling v12. In particular we will show that the scaling
properties are no more universal and depend, in general,
on inter-edge coupling. This result differentiates from
the standard theory7 that predicts only universal scaling
properties in the co-propagating case. It is important to
stress that this is a direct consequence of the presence
of a noisy external environment. To better demonstrate
this fact, we will consider now all the possible excitations
and their scaling dimensions.
7In the bosonized form a generic excitation is written
in terms of a linear combination of the bosonic field ϕ1/2
as
Ψ(α1,α2)(x) ∝ ei[α1ϕ1(x)+α2ϕ2(x)] (33)
with α1/2 coefficients that determine the considered
excitation.31,32,34 Here, we just recall that the charges
of all the excitations are integer multiples of the fun-
damental single qp, e.g. for ν = 2/5, the fundamental
charge is e∗ = e/5 (e the electron charge). The statisti-
cal properties of the excitations are directly connected to
the values of α1 and α2 and the commutation relations of
the ϕ1/2 fields
32,34, while the scaling dimensions depends
additionally, as we will see, on the presence of a noisy
environment. The two-point correlation function of the
operator is64
C
>
α1,α2(t) = 〈Ψ(α1,α2)(t)Ψ(α1,α2)
†
(0)〉 = e
∑
i,j=1,2 αiG˜
>
ij(t)αj
(34)
where, in the second equality, we introduced the greater
GFs G˜>jk(t) = G
>
jk(t) − G>jk(0) such that G>jk(t) =
−i〈ϕj(t)ϕk(0)〉 for the ϕj fields with j, k = 1, 2.
In the new basis ϕ′1/2, taking the limit of weak coupling
with the environment γ˜, F˜1, F˜2 → 0, the Keldysh GFs
read (j, k = 1, 2)
G˜′Kjk (t) = iδjkg
′
j ln[1 + ω
′2
c,jt
2] (35)
where the cut-offs are ω′c,j = v
′
j/a with j = 1, 2. The
”mixed” terms G˜′Kjk (t) with j 6= k vanish due to the as-
sumption γ˜1 = γ˜2 = γ˜ on the dissipative friction co-
efficients. The renormalization coefficients for the two
normal modes are now
g′j =
(
1 +
F˜+ − (−)jF˜− cos(2θ)
2v′2j γ˜
)
(36)
with F˜± = F˜1 ± F˜2 and the mode velocities v′2j given
in Eq.(29). Notice that the renormalization parameters
depend on the coupling strength v12 and the mode veloc-
ities, through the angle θ. This appears a quite natural
generalization of the result given in Eq.(16). From this
result one can calculate G˜′>jk (t) with the same procedure
used for the Laughlin sequence, in the form of Eq.(19),
after the proper replacement of the renormalization pa-
rameter νg → g′1, g′2 and of the cut-offs ωc → v′1/a, v′2/a.
The greater GF in Eq.(34) can be expressed as
G˜
>(t) = Σ · R(θ) · G˜′>(t) · RT (θ) ·Σ (37)
where we used the compact matrix notation with
G˜>jk(t) = (G˜
>(t))jk with the rescaling matrix Σ and the
rotation matrix R(θ) defined in Eq.(28).
From the long-time behavior of the two-point corre-
lation function of Eq.(34) one can calculate the scaling
dimension ∆(α1,α2) of the Ψ(α1,α2)(x) operator
∆(α1,α2) = 12
{
ν1 α
2
1
[
g′1 cos
2(θ) + g′2 sin
2(θ)
]
+ ν2 α
2
2
[
g′2 cos
2(θ) + g′1 sin
2(θ)
]
+
√
ν1ν2 α1α2 sin(2θ) [g
′
1 − g′2]
}
(38)
where we see an explicit dependence on the coupling v12
and the mode velocities v1,2, via the angle θ. Note that,
in the absence of environmental effects (g′1 = g
′
2 = 1),
the scaling dimensions reduce to the standard ∆
(α1,α2)
0 =
(ν1α
2
1 + ν2α
2
2)/2 obtained for hierarchical theories. Fur-
thermore, if the renormalizations of the normal modes
are exactly the same g′1 = g
′
2 = g the scaling dimension
become independent of the angle θ (i.e. the coupling v12)
with ∆(α1,α2) = g∆
(α1,α2)
0 .
In conclusion, we showed that the scaling of a generic
excitation in presence of a noisy environment is influ-
enced by the strength of the coupling v12 even for co-
propagating modes. This strongly differs from the stan-
dard result7 where the scaling is independent from the
coupling. This fact shows that scaling dimension in the
presence of 1/f noise are, in general, no more univer-
sal, i.e. determined only by the coefficients (α1, α2), the
filling factor ν and the model of composite edge we con-
sider. As a remarkable consequence, in the presence of
environmental effects, the relevance between the excita-
tions could differ from the raw theory. We have already
discussed this phenomenology in relations to experimen-
tal observations.31,32
We will see now that the most important advantage
of the presented model is its robustness with respect to
static impurity disorder along the edge. Indeed, all the
results up to now are essentially based on the assumption
of a clean edge, without any contribution coming from
static disorder. We will also see that including such con-
tribution the role of inter-mode interactions will be less
important but the scaling dimensions will be still affected
by renormalizations effects due to the noisy environment.
C. Disorder effects
A more realistic discussion of edge states in real sam-
ples requires the inclusion of static disorder along the
edge.72 The disorder plays a fundamental role to re-
cover the proper quantization of the Hall conductance
for counter-propagating modes. We refer the reader to
the seminal paper by Kane and Fisher in Ref. 7 for a de-
tailed discussion of the disorder dominated phase in the
hierarchical theories.
In the following we will analyze the case of ν = 2/3
where the two channels are counter-propagating. The
discussions about the disorder effects in the composite
edge, presented here, can be also generalized to the whole
Jain sequence. In the next section we adapt the argument
even to the ν = 5/2 state.
The Keldysh action for the multichannel edge state at
ν = 2/3 under the influence of 1/f noise and dissipation
is given by the kernel G−1− of Eq.(27) with ν1 = 1 and ν2 =
1/3. The effect of static disorder on the χLL channels can
be naturally described by adding two more terms to the
action.
The first one describes the coupling of two static dis-
order potential profiles Vi(x) with the charge densities
8ρi(x) = ∂xϕi(x)/(2π) of the two channel ϕi compos-
ing the edge ν = 2/3 with i = 1, 2. The Lagrangian
of this term, which affects locally the two channels is
LV,ϕ ∝
∑
i Vi(x)∂xϕi(x). These forward scattering terms
can be easily eliminated from the action by a simple re-
definition of the ϕi(x) fields and will be neglected in the
following.7
The second term describes the effect of the disorder
in terms of impurity scattering, i.e. how the disorder
potential mediates the electron transfer between the two
counter-propagating modes. These tunneling terms have
the main effect to equilibrate the two channels when they
are at different potentials restoring the proper value of
the quantized conductance.7 This random tunneling term
is
Lrdm = ξ(x)ei[ϕ1(x)+3ϕ2(x)] + h.c., (39)
with ξ(x) a complex random tunneling amplitude. This
process leads to the destruction of an electron into the
ν = 1 channel (eiϕ1(x)) and its creation (ei3ϕ2(x)) into
the ν = 1/3 one and viceversa.7,46 For simplicity it is
assumed ξ(x) as a Gaussian random variable δ-correlated
in space satisfying
〈ξ∗(x)ξ(y)〉ens =Wδ(x − y), (40)
where 〈...〉ens indicates the ensemble average over the re-
alizations of disorder.
To further analyze the disorder terms, it is convenient
to express the system in the basis ϕ′1/2(x) that diago-
nalizes the problem with respect to inter-edge coupling.
We follow essentially the same procedure used for the
ν = 2/5 case. The transformation now is given by the
composition of a rescaling Σ and a Lorentz boost B(χ)
with rapidity χ, instead of the standard rotation used
for co-propagating modes. The relation between the old
fields ϕ1,2 with the new ones ϕ
′
1,2 is(
ϕ1
ϕ2
)
=
[ √
ν1 0
0
√
ν2
]
︸ ︷︷ ︸
Σ
·
[
cosh(χ) sinh(χ)
sinh(χ) cosh(χ)
]
︸ ︷︷ ︸
B(χ)
·
(
ϕ′1
ϕ′2
)
(41)
where tanh(2χ) = −2v12/(v1 + v2).
Note that we can calculate the scaling dimension for a
generic qp operator Ψ(α1,α2)(x) defined in Eq.(33) follow-
ing the same steps as in the previous section. It is also
useful, without loosing generality, to assume γ˜1 = γ˜2 = γ˜
but keeping as free parameters the strengths of the 1/f
noise F˜1/2. We find the scaling dimension
∆(α1,α2) = 12
{
ν1 α
2
1
[
g′1 cosh
2(χ) + g′2 sinh
2(χ)
]
+ ν2 α
2
2
[
g′2 cosh
2(χ) + g′1 sinh
2(χ)
]
+
√
ν1ν2 α1α2 sinh(2χ) [g
′
1 + g
′
2]
}
(42)
where the contribution of the Lorentz boost is explicit in
the terms cosh2(χ) and sinh2(χ). The renormalization
factors of the new modes g′i are now (j = 1, 2)
g′j =
(
1 +
F˜+ − (−)jF˜−sech(2χ)
2v′2j γ˜
)
, (43)
where the eigenmode velocities v′i are in Eq.(29) and F˜±
are defined after Eq.(36). Note that a direct comparison
with the co-propagating expression shows that, in the
counter-propagating case, the sech(2χ) takes the role of
the cos(2θ) of Eq.(36), but the form of the renormaliza-
tion factors remains essentially the same.
We address now the role of the disorder terms, starting
with the inspection of the scaling ∆O = ∆
(1,3) of the tun-
neling disorder operator O ∝ ei[ϕ1(x)+3ϕ2(x)] introduced
in Eq.(39). One can demonstrate that the flow equation
for the inter-edge disorder strengthW in Eq.(40) is7,46,73
dW
dl
= (3− 2∆O)W. (44)
In particular, if ∆O < 3/2 the disorder is a relevant con-
tribution driving the system in the so called disorder-
dominated phase. For such phase the Hall bar conduc-
tance g is universal (i.e. independent of the environment
and the intra- and inter-mode couplings) and is properly
quantized at the value g = νg0.
46 All the discussions of
quantum Hall states with counter-propagating modes are
typically done assuming the system being exactly in this
phase.
On the contrary, if the scaling of the electron tunneling
is ∆O > 3/2, the disorder is irrelevant and, at the fixed
point, the conductance is no more universal depending
on the intra- and inter-edge interactions.46
In general the environmental effects, through the pa-
rameters F˜i/γ˜i and the intra- and inter-mode couplings,
could affect the scaling ∆O making the discussion quite
cumbersome. As a simple check, we first need to recover
the standard result obtained in absence of any environ-
mental effects, namely the ratios F˜1/γ˜, F˜2/γ˜ → 0. From
Eq.(42) and the definition of the operator O one gets
∆0O = lim
F˜i→0
∆(1,3) = 2
v1 + v2 −
√
3v12√
(v1 + v2)2 − 4v212
(45)
which coincides with the result of Kane, Fisher and
Polchinski.46 It is convenient now to measure the veloci-
ties in units of v1. For the values of the couplings where
the stability criterium v212 ≤ v1v2 is satisfied we can deter-
mine when ∆0O < 3/2. In Fig. 1 we report, in the plane
(v2/v1, v12/v1), the regions where this condition is ful-
filled. The area is delimited by the stability (solid black)
curve and two (dashed black) lines representing respec-
tively the maximum/minimum value of v12/v1 compati-
ble with the disorder dominated phase. These two lines
are given by v12/v1 = (4
√
3/21±√5/14)(1 + v2/v1).
Now we can evaluate how this area changes under the
presence of a noisy environment. One could expect, in
analogy with the renormalizations induced by coupling
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FIG. 1. Colored areas represent the disorder dominated phase
for ν = 2/3 in the parameters space (v2/v1, v12/v1) for dif-
ferent strength of the noise. In light blue the case with-
out the noisy environment46, i.e. ∆0O < 3/2 (see in the
text). This area is limited by the stability criterium (solid
line) and the two dashed lines representing respectively the
maximum/minimum value of the ratio v12/v1 to get the dis-
ordered phase ∆0O < 3/2. Other colored areas represent
∆O < 3/2 with successive reduction of the disordered phase
due to the increasing of noise strength F˜1/(v
2
1 γ˜) = 0 (lighter
blue), 0.1, 0.5, 1 (darker blue) with F˜2 = 0.
with phonons39, that the effects of an external environ-
ment lead always to an enhancement of the scaling di-
mension ∆O ≥ ∆0O. A direct consequence of this fact
would be the progressive reduction of the region of exis-
tence of the disorder dominated phase. This is explicit in
the figure where we calculated the regions where ∆O <
3/2, using Eq.(42) varying F˜i/(v
2
1 γ˜) = 0, 0.1, 0.2, 0.3 for
a fixed ratio F˜2/(v
2
1 γ˜) = 0. Notice that for very strong
noise the disordered dominated phase could be com-
pletely washed out.
We conclude this discussion observing that, for moder-
ate noise strength, the disorder dominated phase is still
present even if the condition on the inter- and intra-mode
coupling are modified. Our analysis generalizes some of
the results of Ref. 46 in presence of a noisy environment.
The robustness of the proposed model for the renormal-
ization of the exponents in presence of disorder along the
edge is one of the most important result of this paper.
We will discuss now quantitatively how renormaliza-
tions are affected by noise intensity. In the disorder dom-
inated phase the system naturally decouples in charged
and neutral contributions.7,46 Therefore, it is convenient
to change the basis from the original ϕ1/2 to the charged
ϕρ and neutral fields ϕσ(
ϕρ
ϕσ
)
=
1√
2
(√
3(ϕ1 + ϕ2)
3ϕ2 + ϕ1
)
(46)
as obtained from the transformation in Eq.(41) with
tanh(χ∗) = −√1/3.74 The action is expressed in the
form of Eq.(27), but with the propagation velocities vi
with index i = ρ, σ, ρσ given by[
vρ vρσ
vρσ vσ
]
= B(χ∗)T ·
[
v1 v12
v12 v2
]
· B(χ∗) (47)
with B(χ∗) the Lorentz boost in Eq.(41). The same
transformation defines the noise strengths F˜i, in the new
basis as[
F˜ρ F˜ρσ
F˜ρσ F˜σ
]
=
1
2
[
3F˜1 + F˜2
√
3(F˜1 + F˜2)√
3(F˜1 + F˜2) F˜1 + 3F˜2
]
(48)
in terms of the coefficients F˜1/2 of Eq.(27). An equiva-
lent transformation can be written for the friction coef-
ficients of the dissipative bath, with the introduction of
the quantities γ˜ρ, γ˜σ, γ˜ρσ, as linear combinations of γ˜1/2.
The off-diagonal terms of the action containing vρσ are
irrelevant in the RG sense and can be neglected at the
fixed point. This was clearly shown in Ref. 7. In the
limit of weak coupling such that γ˜i, F˜i → 0, but keeping
constant the ratios F˜i/γ˜i, with i = 1, 2, the environmen-
tal contributions are marginal in the RG sense.48 This
shows that, at the fixed point of the disorder dominated
phase, we could safely neglect the residual coupling be-
tween charged and neutral modes but we have to include
the noisy environmental contributions. In the following
we will take vρσ = 0 keeping explicitly the dissipative
and 1/f noise terms in account.
We observe that, in the case of the coupling with 1D
phonon ϕph modes
39, one has also a term analogous to
the one proportional to vρσ discussed above. The canon-
ical mass dimension of the phonons in 1+1 dimensions is
the same of a chiral bosonic field dim[ϕph] = dim[ϕ1,2].
As a natural consequence, this coupling term becomes
RG irrelevant in the disordered dominated fixed point
as already discussed. This shows that, even if the cou-
pling with phonons could in principle generate renormal-
izations of the scaling exponent, in the disorder domi-
nated phase the phonons are effectively decoupled from
the system and their renormalization effects do not sur-
vive against disorder. This indicates that our model is
qualitatively different and presents concrete advantages
in comparison with other mechanisms especially for all
those cases where counter-propagating modes are present
and, consequently, the disorder dominated phase has to
be considered.
We can now evaluate the GFs along the same line fol-
lowed in the previous section for ν = 2/5. Also in this
case we assume γ˜1 = γ˜2 = γ˜ and consider the strengths
of the 1/f noises F˜1/2 as free parameters.
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FIG. 2. Renormalization parameters gρ (black curves) and
gσ (gray curves) as a function of the ratio vσ/vρ. Different
linestyles correspond to different noise strength F˜1/(v
2
1 γ˜) = 1
(dashed), 2 (dot-dashed), 3 (dotted) having kept fixed the
value of F˜2/(v
2
1 γ˜) = 0.1
In the limit of γ˜ → 0 the retarded/advanced GFs are
exactly the same as the ones in Ref. 7 and consequently
the edge conductance returns the appropriate quantized
value of g = νg0. For the Keldysh GF contributions of
the charged and neutral fields we get, in the disordered
phase, a result identical to Eq.(35), where the only non-
zero GF are the G˜Kρρ and G˜
K
σσ . These are characterized
by the cut-off energies ωi = vi/a with i = ρ, σ and by
renormalization parameters
gρ =
(
1 +
F˜ρ
2v2ργ˜
)
gσ =
(
1 +
F˜σ
2v2σ γ˜
)
. (49)
They coincide with Eq.(43) choosing χ = χ∗ and using
the definition of Eq.(48). Their values depend on the
noise strength F˜i, the dissipation γ˜ and on the neutral
and charged mode velocities vi. The Fig. 2 shows how
the charged renormalization parameter (black curves)
and the neutral one (gray curves) depend on the ratio
vσ/vρ for different values of the 1/f noise strengths. At
fixed noise strength and increasing the ratio vσ/vρ the
charged mode renormalization rises while the neutral one
decreases. This behavior is directly connected to the de-
pendence on the inverse of the squared mode velocities
of Eq.(49). When the modes velocities become small the
renormalization parameters increase rapidly.
Interestingly, it is also possible to obtain the counter-
intuitive condition gσ > gρ. Following physical intuition
indeed, it appears natural to assume that neutral bosonic
modes are less coupled with the environment with respect
to the charged ones. Nevertheless, this intuition failsbe-
cause the neutral bosonic modes, in the composite edges,
derives from a particle-hole combination between the two
modes and are strongly affected by the differences in the
noisy environments (differential mode) where the charge
modes instead are affected by the common mode only.
In conclusion the dependence of the renormalization
parameters on the noise strengths F˜1/2 (see Eq.(48))
guarantees the possibility to get very high renormaliza-
tion values for almost any values of the velocities ratio
vρ/vσ. Note that these high values are sometimes neces-
sary to fully explain the experimental observations.33
We conclude this section showing that, rescaling the
two fields ϕc =
√
2/3ϕρ and ϕn =
√
2ϕσ, it is possible
to write all qp operators as33,46
Ψ(m,l) ∝ ei[(m/2)ϕc+(l/2)ϕn], (50)
with the coefficients m, l ∈ Z and with the same parity.
These operators destroy an m-agglomerate, namely an
excitation with charge me∗ being e∗ = e/3 the minimal
charge allowed by the model. Their scaling dimensions
become
∆(m, l) =
1
2
[(
2
3
)
gρ
(m
2
)2
+ 2gσ
(
l
2
)2]
, (51)
where the gρ and gσ renormalize the charge and neutral
sectors of the excitation separately. Obviously we re-
cover the scaling dimension reported in the literature2,33
for gρ = gσ = 1. The last formula shows that, in the
disorder dominated phase, the presence of a noisy en-
vironment naturally leads to different renormalizations
for the neutral and charged modes. Consequence of this
fact is the possibility to change the relevance of the ex-
citations and, indeed when gρ, gσ 6= 1, this could happen
due to environmental effects we are discussing. This phe-
nomenology could have a deep impact on transport prop-
erties of the QPC especially in the weak backscattering
regime where the dominant excitations are different from
the electrons. The possibilities opened by our model for
composite edges could therefore explain the extremely
rich phenomenology observed in QPC transport at low
temperatures for these systems. In Ref. 32 and Ref. 33
we have discussed in detail the experiments on noise and
transport in QPC for ν = 2/3. To fully match the theory
with the data the presence of the renormalization param-
eters gρ, gσ ≥ 1 was sufficient. Here, we have shown that
a noisy environment can be considered a proper renor-
malization mechanisms, robust to unavoidable disorder
effects.
IV. COMPOSITE EDGES: THE ν = 5/2 CASE
A. Anti-Pfaffian model
Another relevant example of composite edge state is
represented by ν = 5/2. Possible descriptions have been
proposed for this state predicting both Abelian10 and
non-Abelian13–16 statistical properties for the elementary
excitations. Particularly interesting is the so called anti-
Pfaffian model15,16, supporting non-Abelian statistics,
that seems to be indicated by experimental evidences as
a proper description for this state.19,20 According to this
11
model, the edge states are described as a narrow region at
ν = 3 with nearby a Pfaffian edge of holes with ν = 1/2.16
Assuming the second Landau level as the “vacuum”, the
edge is modeled in terms of a single ν = 1 bosonic branch
ϕ1 and a counter-propagating ν = 1/2 Pfaffian branch
14,
composed by a bosonic mode ϕ2 and a Majorana fermion
ψ.
The Lagrangian for the free system is L0 = L−+L12+
Lψ where the bosonic contribution L− and L12 are given
in Eq.(25) and Eq.(26) respectively with ν1 = 1 and ν2 =
1/2. The Lagrangian describing the free evolution of the
Majorana fermion ψ in the Ising sector is
Lψ = iψ (−∂t + vψ∂x)ψ, (52)
with propagation velocity vψ. In addition to the free the-
ory we have the coupling of the bosonic modes ϕ1/2 with
the different noisy environments (1/f noise and the dis-
sipative ohmic bath) surrounding them. Also in this case
we consider coupling with the 1/f noise strengths F˜i and
friction coefficients of the dissipative baths γ˜1 = γ˜2 = γ˜.
Note that the noise and the dissipation couple electro-
statically with ϕ1/2 but not with the neutral Ising sector
of the theory that is decoupled from electromagnetic envi-
ronment. The total Keldysh bosonic action coupled with
the noisy environment has the kernel G−1− of Eq.(27) with
ν1 = 1 and ν2 = 1/2. The Lagrangian density is com-
pleted by the addition of the disorder term
Lrdm = ξ(x)ψ(x) ei[ϕ1(x)+2ϕ2(x)] + h.c. (53)
that describes the random electron tunneling processes
which equilibrate the two branches, in fully analogy with
ν = 2/3. The complex random coefficients ξ(x), Gaus-
sian distributed, satisfy also Eq.(40). This unavoidable
contribution guarantees that the appropriate value of the
Hall resistance is recovered in the disorder dominated
phase. The RG flow equation for the disorder term W is
the same of Eq.(44), with ∆O the scaling dimension of
the tunneling operator O ∝ ψei[ϕ1+2ϕ2]. Consequently,
investigating when ∆O < 3/2, it identifies the conditions
for a disorder dominated phase of ν = 5/2.15,16
We firstly identify the conditions of the existence of the
disorder dominated phase as a function of the couplings
vi and the noisy environment. The scaling is
∆O =
1
2
+∆(1,2), (54)
where the first term in the sum represents the contri-
bution of the Ising sector (Majorana fermion) and the
second one is the bosonic contribution of Eq.(42) with
ν1 = 1 and ν2 = 1/2. The bosonic contribution can
be indeed derived following exactly the same steps con-
sidered for ν = 2/3. The scaling dimension in general
depends on the renormalization parameters g′i, defined
in Eq.(43). Without the noisy environment g′1 = g
′
2 = 1
we then recover
∆0O = lim
F˜i→0
∆O =
1
2
(
1 +
3(v1 + v2)− 4
√
2v12√
(v1 + v2)2 − 4v212
)
(55)
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FIG. 3. Colored areas represent the disorder dominated phase
for ν = 5/2 in the parameter space (v2/v1, v12/v1) for different
strength of the noise. In light blue the case without the noisy
environment46, ∆0O < 3/2 (see in the text). This area is lim-
ited by the stability condition (solid line) and the two dashed
lines representing respectively the maximum/minimum value
of the ratio v12/v1 to get the disordered phase. Other col-
ored area represents the successive reduction of the disordered
phase due the increasing of noise strength F˜1/v
2
1 γ˜ = 0(lighter
blue), 0.1, 0.5, 1(darker blue) keeping fixed F˜2 = 0.
that is the scaling dimension of the intra-edge electron
tunneling reported in the literature.15
The region of existence of the disorder dominated
phase (∆O < 3/2) is represented in Fig. 3 for different ve-
locities of the modes (v2/v1, v12/v1). The lines delimiting
the area are the same discussed in the previous section:
the stability condition (black solid curve) and the two
lines (dashed black) that limit the values of v12/v1, i.e.
v12/v1 = (3
√
2±√3)(1 + v2/v1)/12.
The discussion hereafter goes in parallel with what we
have done for ν = 2/3. The noisy environment will fur-
ther restrict the set of values of intra- and inter-mode
couplings where the system is dominated by the disor-
dered phase. In the figure this is represented by the pro-
gressive reduction of the colored area: from the lighter
blue to the darker blue when the environmental noise in-
creases. If the noise becomes strong enough the disorder
dominated phase could even disappear.
Also for ν = 5/2, at the fixed point of the disorder
dominated phase, the system naturally decouples into a
charged bosonic mode ϕc = ϕ1+ϕ2 with velocity vρ and
a neutral counter-propagating sector (one bosonic mode
ϕn = ϕ1 + 2ϕ2 and one Majorana fermion ψ with the
same velocity vσ).
15,16 It is again natural to introduce
the charged gρ and neutral gσ renormalization parame-
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ters, according to Eq. (49). The renormalizations can be
very strong, for realistic values of the ratio vσ/vρ, and
satisfying the condition gσ > gρ as we anticipated for
ν = 2/3. In conclusion our model explains the values of
the renormalizations proposed in Ref. 35 for ν = 5/2.30
B. Agglomerate dominance
Here, we will discuss the effects of noisy environment
on the relevance of excitations in the anti-Pfaffian model.
Using the charged and neutral modes basis one can ex-
press the more general qp operator as15,35
Ψ(χ,m,l) ∝ χ(x)ei[(m/2)ϕc+(l/2)ϕn], (56)
where the integer coefficientsm, l and the Ising field oper-
ator χ(x) define the admissible excitations. In the Ising
sector χ(x) can be I (identity operator), ψ(x) (Majo-
rana fermion) or σ(x) (spin operator). The monodromy
condition force m, l to be even integers for χ= I,ψ and
odd integers for χ= σ. The charge associated to the
above operator is (m/4)e depending on the charged mode
contribution only, while its scaling dimension is
∆(χ,m, l) =
1
2
δχ +
gρ
16
m2 +
gσ
8
l2 , (57)
with δI = 0, δψ = 1 and δσ = 1/8. Note that, as stated
before, the contribution of the Ising sector to the scaling
dimension is not affected by any renormalization.
We adopted the previous formula to predict the scal-
ing dimension and the transport properties in the exper-
iment done by the Heiblum group at Weizmann.35. We
found a good agreement with the experiment where, at
the lowest temperatures, the dominant excitation is the
2-agglomerate 2e∗ = e/2, that is described by the opera-
tor Ψ(I,2,0). Our explanation clarifies why the anomalous
increasing of the effective charge is observed at extremely
low temperatures.
Let’s see now when the noise environmental parame-
ters determine the dominance of the 2-agglomerate. In
general, the excitation with the lowest scaling dimension
dominates the properties in the low energy sector. With-
out any renormalization (gρ = gσ = 1) the scaling dimen-
sions are exactly the same: ∆(I, 2, 0) = ∆(σ, 1,±1) =
1/4. So only the presence of environmental renormaliza-
tion will determine the dominance of an excitation over
the other. The effect of renormalizations are indeed cru-
cial to make the single-qp excitation - described by the
operator Ψ(σ,1,±1) with charge e∗ = e/4 - less relevant
than the agglomerate.75
The agglomerate with charge e/2 will be dominant over
the single-qp if ∆(I, 2, 0) < ∆(σ, 1,±1) so we get the
inequalities35
gρ <
1 + 2gσ
3
. (58)
In Fig. 4 we show the domain where the agglomer-
ate Ψ(I,2,0) is a dominant over the single-qp Ψ(σ,1,±1).
vσ
vρ
F˜1
γ˜v2
1
F˜2
γ˜v2
1
FIG. 4. Three dimensional picture of the region (colored)
where the inequality gρ < (1 + 2gσ)/3 is fulfilled, namely
where the 2-agglomerate dominates with respect to the single-
qp. On the vertical axis is reported the ratio vσ/vρ, while in
the plane the renormalization factors F˜1/(γ˜v
2
1) and F˜2/(γ˜v
2
1).
The plane vσ/vρ = 1 is highlighted with a thick line.
We see that agglomerates are more easily dominant for
vσ/vρ < 1 - the regime probably valid in the real samples.
Conversely, when vσ/vρ & 2, the dominance of agglomer-
ate is possible only at very small values of noise strength
as show by the peak in the figure.
Note that, for small values of F˜2 and strong enough F˜1,
it is also possible to have the dominance of the single-qp
for vσ/vρ < 1. In the last figure this corresponds to the
volume underneath the plane identified by the thick line
that coincide with vσ/vρ = 1.
In conclusion the dominance of the agglomerate is quite
common and only in the case of neutral modes velocity
similar to the charged modes and in the presence of a
noisy environment the the single-qp could be more dom-
inant. Anyway, we want to mention that the excitation
that dominates at very low energy, potentially, couldn’t
be also the dominant at higher energies, i.e. by increas-
ing bias or temperature. This explains why the single-qp
seems to be the dominant charge carriers in measure-
ments carried out at higher temperatures19,21, as we dis-
cussed in more details in Ref. 35.
We conclude this section commenting on the need of a
correct identification of the dominant excitations at low
energy. We recall that one of the most important prop-
erties of anti-Pfaffian (Pfaffian) states for ν = 5/2 is the
possibility to support excitations which satisfying non-
Abelian statistics. Indeed, the single-qp is represented
by the operator Ψ(σ,1,±1) that, due to the peculiar fusion
rule in the Ising sector σ × σ= I+ψ is intrinsically non-
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Abelian. On the other hand the agglomerate is Abelian,
being represented in term of the operator Ψ(I,2,0), i.e.
with an identity operator I on the Ising sector.
Therefore, the dominance of the agglomerates with re-
spect to the single-qp could have important consequence
on the real possibility to manipulate non-Abelian excita-
tions with the help of QPC setups. The hope to encode
topological protected quantum computation protocols in
this system may be potentially affected by this issue.
Counterintuitively, given the previous analysis, a noisy
environment could become a helpful resource leading, in
some regions of the parameter space, to the dominance
of the non-Abelian single-qp.
In perspective we like to mention that our approach
and also many of the discussed results could be recov-
ered also for other models, such as the Pfaffian or the
Abelian 331.10,23 This shows that, for an large class of
models of edges states, the renormalization phenomena
induced by the noisy environment can play an important
role influencing the physics in the low energy regime.
V. CONCLUSIONS
We have presented a renormalization mechanism of the
tunneling exponent in the χLL theories for edge states,
based on the joint effects of the weak coupling with out-
of-equilibrium 1/f noise and dissipation. The model is
very general and can be applied to many different states,
such as in the Jain sequence or even the anti-Pfaffian
model for ν = 5/2.
Considering the paradigmatic case of the Laughlin se-
quence, we showed how a noisy environment could mod-
ify the Luttinger exponents. The direct consequences of
this renormalization are derived for the QPC current in
the weak-backscattering regime, mainly focusing on the
effects on the power-law behavior as a function of bias.
In the Jain sequence, and in particular for ν = 2/5, we
have investigated how the scaling dimensions of the ex-
citations are affected by the interplay between the inter-
channel couplings and the noisy environment. Here, the
possibility of a change in the dominance of the excitations
is reported.
The rich phenomenology induced by these facts was
already considered by us31,32,34, and we found a good
match with the experimental observations.
The case of counter-propagating modes has been ana-
lyzed in detail. We investigated how the noisy environ-
ment modifies the conditions of stability of the disorder
dominated phase. We demonstrated that, for moderate
noise strength, the renormalization mechanism is robust
against disorder and remains valid at the fixed point of
the disorder dominated phase. This is a crucial result, be-
cause of all the quantum Hall edge theories with counter-
propagating modes require the presence of static disor-
der to guarantee the equilibration along the edge and the
proper universal value of the quantum resistance exper-
imentally observed. This robustness makes our model a
good candidate for a realistic renormalization mechanism
of the Luttinger exponent while other models, such as the
coupling with 1D phonons or other bosonic baths, might
not survive in presence of disorder.
In the last part of the paper we discussed the ν = 5/2
case considering the non-Abelian anti-Pfaffian model for
the edge states. In analogy with the previous analysis we
studied the effect of external environments and their role
on the disorder dominated phase.
Our proposal for the renormalization mechanism seems
to be applicable to a plethora of cases giving a convinc-
ing and rather simple unified perspective. Our results
suggest that the values of the Luttinger exponents, that
typically in the literature are related to universal features
of the adopted theoretical models, have to be taken with
care due to the presence of unavoidable noisy environ-
ments that can modify, even consistently, some of the
predictions.
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